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A theoretical model for quasiparticle and Josephson tunneling in multiband superconductors is developed and
applied to MgB2-based junctions. The gap functions in different bands in MgB2 are obtained from an extended
Eliashberg formalism, using the results of band structure calculations. The temperature and angle dependencies
of MgB2 tunneling spectra and the Josephson critical current are calculated. The conditions for observing one
or two gaps are given. We argue that the model may help to settle the current debate concerning two-band
superconductivity in MgB2.
PACS numbers: 74.50.+r, 74.70.Ad, 74.80.Fp, 85.25.Cp
Soon after the discovery of superconductivity in MgB2,1
first principle calculations were performed to determine the
electronic structure of this material. It was found that the
Fermi surface consists of two three-dimensional sheets, from
the pi bonding and antibonding bands, and two nearly cylindri-
cal sheets from the two-dimensional σ bands.2,3,4,5 The multi-
band picture has given rise to the concept that two supercon-
ducting energy gaps can coexist6,7 in MgB2.
Two-band superconductivity is a phenomenon that has been
observed in Nb doped SrTiO3.8 Recent experimental STM
and point-contact spectroscopy,9,10,11 high-resolution photo-
emission spectroscopy,12 Raman spectroscopy,13 specific heat
measurements14 and muon-spin-relaxation studies of the mag-
netic penetration depth15 support the concept of a double gap
in MgB2 (see Ref.16 for a review of experiments). However,
there is an ambiguity in the interpretation of point-contact data
concerning the existence of two gaps.9,10,11 Moreover, some
tunneling measurements17 show only one gap with a magni-
tude smaller than the BCS value of ∆ = 1.76 kBTc.
In order to resolve this discrepancy, we address the ques-
tion, how multiband superconductivity will manifest itself in
tunneling. We present the theoretical model for quasiparticle
and Josephson tunneling in MgB2-based junctions. Using the
results of band-structure calculations, we apply an extended
Eliashberg formalism to obtain the gap functions in different
bands, taking strong coupling effects into account. Tunneling
from a normal metal (N) into MgB2 is considered in an ex-
tended Blonder-Tinkham-Klapwijk (BTK) model.18 The tem-
perature dependencies and absolute values of the IcRN prod-
uct (Ic is the critical current and RN is the normal state re-
sistance) are calculated in MgB2-based SIS tunnel junctions,
where S denotes a superconductor and I an insulator. Tun-
neling in the direction of the a-b plane, in the c-axis direc-
tion and under arbitrary angle is considered. Furthermore, the
Josephson supercurrent between a single-gap superconductor
and MgB2 is calculated.
According to the labeling of Liu et al.,6 the four Fermi sur-
face sheets in MgB2 are grouped into quasi-two-dimensional
σ bands and three-dimensional pi bands. Hence, normal and
superconducting properties of MgB2 can be described by an
effective two-band model. Within this model, Liu et al.6 es-
timated the coupling constants and energy gap ratio in the
weak coupling regime. More recently, the band decompo-
sition of the superconducting and transport Eliashberg func-
tions α2ijFij (ω) (where i and j denote σ or pi bands), which
describe the electron-phonon coupling in MgB2 as function of
the frequency ω, was provided in Ref.19. This allows to per-
form a strong coupling calculation of the superconducting en-
ergy gap functions ∆i (ωn) in different bands. The functions
∆i (ωn) in turn determine the Josephson critical current in a
tunnel junction between multiband superconductors, which is
given by a straightforward generalization of the well-known
result20 to the case of several conducting bands21 as well as
strong coupling. The critical current component for tunneling
from band i into j is given by
Iij =
piT
eRij
∑
ωn
∆Li (ωn)∆Rj (ωn)√
ω2n +∆
2
Li (ωn)
√
ω2n +∆
2
Rj (ωn)
, (1)
where L and R denote left and right superconductors respec-
tively, R−1ij = min{R
−1
Lij , R
−1
Rij} is the normal-state conduc-
tance of a junction for the bands (i, j) which is given by the
integral over the Fermi surface SLi(Rj)
(
RL(R)ijA
)−1
=
2e2
h¯
∫
vx>0
Dijvn,Li(Rj)d
2SLi(Rj)
(2pi)3 vF,Li(Rj)
, (2)
whereA is the junction area, vn is the projection of the Fermi
velocity vF on the direction normal to the junction plane, and
Dij is the probability for a quasiparticle to tunnel from band i
in L into band j in R. The total critical current is the sum of
the components Ic =
∑
ij Iij .
The gap functions ∆i (ωn) can be calculated with an exten-
sion of the Eliashberg formalism23 to two bands
∆i (ωn)Zi (ωn) = piT
∑
j
∑
ωm
(
λij − µ˜
∗
ij
)
∆j (ωm)√
ω2m +∆
2
j (ωm)
, (3)
2Zi (ωn) = 1 +
piT
ωn
∑
j
∑
ωm
λij
ωm√
ω2m +∆
2
j (ωm)
, (4)
where λij = 2
∫∞
0
ωα2ijFij (ω) dω/[ω
2 + (ωm − ωn)
2
],
Zi (ωn) are the Migdal renormalization functions and ωn =
piT (2n + 1). These equations are solved numerically with
the electron-phonon α2ijFij (ω) functions from Ref.19. The
cutoff frequency ωc is taken equal to 10 times the maximum
phonon frequency. The functions µ˜∗ij represent a matrix of
the Coulomb pseudopotentials defined at ωc, calculated up
to a common prefactor that is used as an adjustable param-
eter to get Tc = 39.4 K. The matrix µ∗ at the frequency ωln
(relevant for the McMillan expression for Tc in the isotropic
case) is given by µ∗ = [1 + µ˜∗ ln(ωc/ωln)]−1µ˜∗, where ωln
follows from 0 =
∫∞
0
ln(ω/ωln)ω
−1α2ijFij(ω)dω. The cor-
responding matrix elements are µ∗σσ = 0.13, µ∗σpi = 0.042,
µ∗piσ = 0.03, µ
∗
pipi = 0.11 and λij(ωm = ωn) from Ref.19 are
λσσ = 1.017, λσpi = 0.213, λpiσ = 0.155, λpipi = 0.448. Due
to the interband coupling terms in Eqs. (3, 4) both gaps close
at the same Tc. The resulting temperature dependencies of the
energy gaps, ∆i (T ) , are plotted in the inset of Fig. 1 and it
is found that ∆σ (T = 0) = 7.09 meV and ∆pi (T = 0) = 2.70
meV, with the 2∆/Tc ratios being equal to 4.18 and 1.59, re-
spectively. For comparison, also the BCS curve is shown for
Tc = 39.4 K. The BCS value for the gap that corresponds to Tc
= 39.4 K is 6.0 meV at 0 K. It can be seen that the temperature
dependencies are qualitatively different from the BCS temper-
ature dependence. The ratio of the gaps ∆σ/∆pi increases for
increasing temperatures, as was experimentally observed for
example in Ref.9.
The influence of impurities can be incorporated into the
model. Intraband scattering does not change the two gaps
(Anderson’s theorem), while the interband scattering can be
included by terms γij∆j/
√
ω2n +∆
2
j , γijωn/
√
ω2n +∆
2
j in
the Eliashberg equations (3, 4) respectively. The smallness
of γij compared to piTc indicates that the double-gap feature
should experimentally be observable, also in thin films, even
for a certain amount of impurity scattering. A large amount
of impurity scattering (γij exceeding the maximum phonon
frequency) will cause the gaps to converge to the same value.
From Eqs. (3, 4) and including the scattering terms an asymp-
totic value of ∆σ = ∆pi = 4.1 meV and Tc =25.4 K is found,
giving a 2∆/kBTc ratio of 3.7.
In order to obtain the normal state resistance, we have to
evaluate the effective junction transparency components Dij .
In the case of a specular barrier, U(x) = U0δ(x− x0), Dij is
given by
Dij =
vn,Livn,Rj
1
4 (vn,Li + vn,Rj)
2
+ U20 /h¯
2
. (5)
It follows from Eqs. (2, 5) and as first pointed out in Ref.22,
that the normal state conductance R−1ij in the large U0 limit is
proportional to the Fermi-surface average
〈
Nv2
〉
i
. The latter
is proportional to the contribution of the electrons in band i to
the squared plasma frequency
(
ωip
)2
. This essentially simpli-
fies the task of summing up the interband currents since the
TABLE I: Calculated plasma frequencies, average Fermi velocities
and gap values for the σ and pi bands.
ωa−bp (eV) ωcp (eV) va−bF (m/s) vcF (m/s) ∆ (meV)
σ band 4.14 0.68 4.40 105 0.72 105 7.09
pi band 5.89 6.85 5.35 105 6.23 105 2.70
partial plasma frequencies are available from the band struc-
ture calculations.2,3,4,5 The normal state junction conductance
is thus proportional to
(
ωip
)2
L
〈vn〉Rj , where 〈vn〉Rj is the
average Fermi velocity projection in the corresponding band
(see Table I). In order to sum up the contributions of differ-
ent bands, we restrict ourselves to the weighing factors
(
ωip
)2
,
neglecting the difference in 〈vn〉Rj . This is a reasonable ap-
proximation since the difference between vF in the σ and pi
bands in the a-b plane is rather small, while for c-axis tunnel-
ing only the pi band contributes, as will be shown later, so that
the problem of summation does not appear in this case.
SIN tunneling. The conductance in a MgB2-I-N tunnel
junction is the sum of the contributions of two bands. Each of
the conductances is given by the BTK model,18 where the cor-
responding normal state conductances R−1Ni are proportional
to the minimum of the square of the plasma frequencies at the
N and MgB2 sides. Since the plasma frequency in a typical
normal metal (e.g. Au, Ag) is larger than the plasma frequen-
cies in MgB2, the conductances are limited by the electrons
on the MgB2 side
R−1Nσ/R
−1
Npi =
(
ωσp
)2
/
(
ωpip
)2
. (6)
Finally, the normalized conductance of an N-I-MgB2 contact
is given by
σ (V ) ≡
(
dI
dV
)
NIS(
dI
dV
)
NIN
=
(ωpip )
2σpi (V ) + (ω
σ
p )
2σσ (V )
(ωσp )
2 + (ωpip )
2
. (7)
Here, the dimensionless conductances σσ,pi (V ) are provided
by the BTK model, with the calculated values for the gaps and
plasma frequencies, as shown in Table I.
In the conductance versus voltage plot (Fig. 1) for tunneling
in the a-b direction, two peaks are clearly visible, in qualita-
tive agreement with the experimental data.9,10,11 The ratio of
peak magnitudes is not only determined by the ratio of the
plasma frequencies, but also by thermal rounding and by the
barrier strength ZBTK = U0/h¯vF (where vF is taken constant
for the different bands for the same reason as was given in the
determination of Rij ). In particular, the peak at the smaller
gap dominates in the small ZBTK regime (point-contact), while
the second peak dominates at large values of ZBTK (tunnel-
ing), as may be seen in Fig. 1 at 4.2 K.
Due to the smallness of ωσp in the c-direction, it can be seen
from Eq. (7) that the conductance in the c-direction is only
determined by the pi band. In this case, no double-peak struc-
ture is expected in the conductance spectrum. This explains,
together with the dependence on ZBTK, why in some experi-
ments only one peak was observed17 or why the second peak
was weak.9,10,11
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FIG. 1: The normalized conductance of MgB2-I-N junctions as
function of voltage at 4.2 K, with Z = U0/h¯vF . The supercon-
ducting gaps for the different bands are shown in the inset.
Note, that the assumption of the ratio of the normal state
conductivities being equal to the ratio of the square of the
plasma frequencies holds when the interface is a δ-function
shaped tunnel barrier, with large ZBTK. This means that for
small ZBTK, the results should be considered as a qualitative
indication only. In the latter case, as well as for other types
of barriers, a numerical integration of Eqs. (2, 5) must be per-
formed.
SIS Josephson tunneling. We consider Josephson tunnel-
ing between two MgB2 superconductors. With the values for
the plasma frequencies, ωσp < ωpip , this gives Rσpi = Rpiσ =
max (Rσσ, Rpipi) = Rσσ and Rσpi/Rpipi = Rσσ/Rpipi =
(ωpip /ω
σ
p )
2 > 1. The total conductance is given by R−1N =∑
ij R
−1
ij .
For tunneling in the a-b plane (as can be realized for ex-
ample in an edge configuration), with Rσpi = Rpiσ and
Iσpi = Ipiσ , the total IcRN product becomes
IcRN =
IσσRσσ + 2IσpiRσpi + IpipiRpipi
(
ωpip /ω
σ
p
)2
3 +
(
ωpip /ω
σ
p
)2 . (8)
The results of numerical calculations are presented in Fig. 2.
Due to strong-coupling and interband coupling effects, the
temperature dependencies of IijRij differ from the well-
known Ambegaokar-Baratoff result for an SIS junction be-
tween isotropic superconductors, most clearly demonstrated
by the positive curvature of the IpipiRpipi contribution. The
IcRN value at T = 4.2 K is 5.9 mV.
For tunneling along the c-axis, the only contribution to the
IcRN product comes from IpipiRpipi, because of the negligible
value for ωσp in the c-axis direction. This gives IcRN = 4.0
mV at T = 4.2 K.
The plasma frequency in a certain direction, under an an-
gle ϕ with the a-b plane, can be determined from the ellip-
soid equation (ωip)2 = (ωip,x)2 +(ωip,z)2, and (ωip,z/ωip,c)2 +
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FIG. 2: IcRN temperature dependence for different tunneling com-
ponents. The resulting IcRN for tunneling in the direction of the
a-b plane and c-axis direction are indicated, for MgB2-I-MgB2 and
Nb-I-MgB2 junctions (see text).
(ωip,x/ω
i
p,a−b)
2 = 1, where ωip,x and ωip,z form the decom-
position of ωip. Because of the negligible value of ωσp,c,
it is evident that ωσp is negligible for nonzero values of
ϕ = arctan(ωip,z/ω
i
p,x). This implies that tunneling under
a nonzero angle with the a-b plane gives the same result as
tunneling in the c-axis direction, namely IcRN = 4.0 mV at
T = 4.2 K. For angles approaching zero (of the order of 0.6◦),
IcRN rapidly increases towards the maximal value for tunnel-
ing from a-b plane to a-b plane, namely IcRN = 5.9 mV at T
= 4.2 K. For a large amount of impurity scattering the IijRij
values converge to the same value. It follows in that case from
Eq. (8), with the plasma frequencies from Table I, that IcRN
becomes almost isotropic.
Finally, tunneling from MgB2 into a superconductor S′
with a single gap will be considered (we take Nb as an ex-
ample). The resulting IiS′RiS′ temperature dependencies are
calculated numerically, using 1.4 mV for the energy gap in
Nb. The ratio of resistances is determined from Eq. (2). Since
typical values of plasma frequencies in other superconductors
are bigger than in MgB2 (e.g. 9.47 eV for Nb, 12.29 eV for
Al and 14.93 eV for Pb, see Ref.24), the following expression
is obtained
IcRN =
IσS′RσS′ + IpiS′RpiS′
(
ωpip /ω
σ
p
)2
1 +
(
ωpip /ω
σ
p
)2 , (9)
when tunneling occurs into the a-b plane of the MgB2. In the
case of c-axis tunneling, only the IpiS′RpiS′ contribution re-
mains. The results for tunneling from Nb to MgB2 are also
indicated in Fig. 2. Other superconductors give qualitatively
similar results. The only scaling parameter is the critical tem-
perature of the superconducting counter-electrode.
Our results for Josephson tunneling provide an upper bound
for IcRN products, being 5.9 mV and 4.0 mV for tunneling
4into the a-b plane and c direction respectively. There have
already been several observations of Josephson currents in
MgB2 junctions,25 with IcRN values that are much lower than
our predictions. This can be due to extrinsic reasons such as
a degradation of the Tc of surface layers in the vicinity of the
barrier, the barrier nature and barrier quality. From our model,
however, it follows that polycrystallinity does not reduce the
Josephson coupling very much, as indicated by the calculated
value of IcRN of 4.0 mV for c-axis transport, neither does
strong impurity scattering because of the relatively large aver-
age gap of 4.1 meV in this case.
In conclusion, Josephson tunneling in MgB2-based junc-
tions is discussed theoretically in the framework of a two-
band model. The gap functions in different electronic bands
are calculated using the Eliashberg formalism together with
band structure information. This provides a basis to interpret
electronic transport in MgB2. We have shown the possibil-
ity to observe either one or two gaps in point-contact spectra
of MgB2, depending on the tunneling direction, barrier type
and amount of impurities. The results are also relevant for the
electronic application of MgB2 since they provide the limit
for the Josephson coupling strength in MgB2 based junctions.
For MgB2 in the clean limit we have shown that IcRN values
as high as 5.9 mV can be expected for MgB2 tunnel junctions
if tunneling occurs in the direction of the a-b plane. In other
cases the limiting IcRN values will not exceed 4.0 mV. Our
predictions for the gap and IcRN anisotropy and for the Ic
vs T dependence in MgB2-based junctions can be verified ex-
perimentally and thus may help to settle the current debate on
two-band superconductivity in MgB2.
The authors thank D.H.A. Blank, H. Hilgenkamp and I.I.
Mazin for useful discussions. This work was supported by the
Dutch Foundation for Research on Matter (FOM).
1 J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani, and J.
Akimitsu, Nature (London) 410, 63 (2001).
2 J. Kortus, I.I. Mazin, K.D. Belashchenko, V.P. Antropov, and L.L.
Boyer, Phys. Rev. Lett. 86, 4656 (2001).
3 J.M. An and W.E. Pickett, Phys. Rev. Lett. 86, 4366 (2001).
4 Y. Kong, O.V. Dolgov, O. Jepsen, and O.K. Andersen, Phys. Rev.
B 64, 020501 (R) (2001).
5 K.P. Bohnen, R. Heid, and B. Renker, Phys. Rev. Lett. 86, 5771
(2001).
6 A.Y. Liu, I.I. Mazin, and J. Kortus, Phys. Rev. Lett. 87, 087005
(2001).
7 S.V. Shulga, S.-L. Drechsler, H. Eschrig, H. Rosner, W.E. Pickett,
cond-mat/0103154.
8 G. Binnig, A. Baratoff, H.E. Hoenig, and J.G. Bednorz, Phys. Rev.
Lett. 45, 1352 (1980).
9 F. Giubileo, D. Roditchev, W. Sacks, R. Lamy, D.X. Thanh, J.
Klein, S. Miraglia, D. Fruchart, J. Marcus, and Ph. Monod, Phys.
Rev. Lett. 87, 177008 (2001); F. Giubileo, D. Roditchev, W.
Sacks, R. Lamy, J. Klein cond-mat/0105146.
10 Y. Bugoslavsky, Y. Miyoshi, G.K. Perkins, A.V. Berenov, Z. Lock-
man, J.L. MacManus-Driscoll, L.F. Cohen, A.D. Caplin, H.Y.
Zhai, M.P. Paranthaman, H.M. Christen, and M. Blamire, Super-
cond. Sci. Technol. 15, 526 (2002).
11 P. Szabo´, P. Samuely, J. Kacmarc´ik, T. Klein, J. Marcus, D.
Fruchart, S. Miraglia, C. Marcenat, and A.G.M. Jansen, Phys.
Rev. Lett. 87, 137005 (2001).
12 S. Tsuda, T. Yokoya, T. Kiss, Y. Takano, K. Togano, H. Kito, H.
Ihara, and S. Shin, Phys. Rev. Lett. 87, 177006 (2001).
13 X.K. Chen, M.J. Konstantinovic´, J.C. Irwin, D.D. Lawrie, and J.P.
Franck, Phys. Rev. Lett. 87, 157002 (2001).
14 Y. Wang, T. Plackowski, and A. Junod, Physica C 355, 179
(2001); F. Bouquet, R.A. Fisher, N.E. Phillips, D.G. Hinks, and
J.D. Jorgensen, Phys. Rev. Lett. 87, 047001 (2001); H.D. Yang,
J.-Y. Lin, H.H. Li, F.H. Hsu, C.J. Liu, S.-C. Li, R.-C. Yu, and
C.-Q. Jin , Phys. Rev. Lett. 87, 167003 (2001).
15 Ch. Niedermayer, C. Bernhard, T. Holden, R.K. Kremer, K. Ahn,
Phys. Rev. B 65, 094512 (2002).
16 C. Buzea and T. Yamashita, Supercond. Sci. Technol. 14,
R115(2001).
17 R.S. Gonnelli, A. Calzolari, D. Daghero, G.A. Ummarino, V.A.
Stepanov, P. Fino, G. Giunchi, S. Ceresara, G. Ripamonti, cond-
mat/0107239; A. Plecenik, S. Benacka, P. Kus, M. Grajcar, Phys-
ica C 368, 251 (2002); A. Kohen and G. Deutscher, Phys. Rev.
B 64, 060506 (2001); G. Rubio-Bollinger, H. Suderow, and S.
Vieira, Phys. Rev. Lett. 86, 5582 (2001).
18 G.E. Blonder, M. Tinkham, and T.M. Klapwijk, Phys. Rev. B 25,
4515 (1982).
19 A.A. Golubov, J. Kortus, O.V. Dolgov, O. Jepsen, Y. Kong, O.K.
Andersen, B.J. Gibson, K. Ahn, and R.K. Kremer, J. Phys.: Con-
dens. Matter 14, 1353 (2002).
20 V. Ambegaokar and A. Baratoff, Phys. Rev. Lett. 10, 486 (1963);
11, 104 (1963).
21 I.I. Mazin, A.A. Golubov, and A.D. Zaikin, Phys. Rev. Lett. 75,
2574 (1995).
22 I.I. Mazin, Phys. Rev. Lett. 83, 1427 (1999).
23 J.P. Carbotte, Rev. Mod. Phys. 62, 1027 (1990).
24 E.G. Maksimov and S.Y. Savrasov, Sov. Phys. Uspekhi 40, 337
(1997).
25 A. Brinkman, D. Veldhuis, D. Mijatovic, G. Rijnders, D.H.A.
Blank, H. Hilgenkamp, H. Rogalla, Appl. Phys. Lett. 79, 2420
(2001); R.S. Gonnelli, A. Calzolari, D. Daghero, G.A. Ummarino,
V.A. Stepanov, G. Giunchi, S. Ceresara, and G. Ripamonti , Phys.
Rev. Lett. 87, 097001 (2001); G. Burnell, D.-J. Kang, H.N. Lee,
S.H. Moon, B. Oh, and M.G. Blamire, Appl. Phys. Lett. 79, 3464
(2001); Y. Zhang, D. Kinion, J. Chen, D.G. Hinks, G.W. Crabtree,
J. Clarke, Appl. Phys. Lett. 79, 3995 (2001); G.G. Carapella, N.
Martucciello, G. Costabile, C. Ferdeghini, V. Ferrando, G. Gras-
sano, cond-mat/0108212; M.H. Badr, M. Freamat, Y. Sushko, and
K.-W. Ng, Phys. Rev. B 65, 184516 (2002).
